The far-infrared absorption in two-dimensional electron layers subject to magnetic field of general orientation was studied theoretically. The Kubo formula is employed to derive diagonal components of the magneto-conductivity tensor of twodimensional electron single-layers and double-layers. A parabolic quantum well is used to model single-layer systems. Bilayer systems are represented by a pair of tunnel-coupled, strictly two-dimensional quantum wells. Obtained results are compared to experimental data.
Introduction
From the quasi-classical point of view, the cyclotron resonance in the absorption of far-infrared radiation in two-dimensional electron single-layers and doublelayers occurs when its frequency ω coincides with the frequency ωc of the circular motion of electrons subjected to a magnetic field B. The current induced in the layer by the electric field dissipates and the corresponding absorption power reaches the maximum at resonance conditions, ω = ωc and the cyclotron mass is given by m * c = |e|B/ωc. A convenient way to study the cyclotron resonance in 2D electron systems is FIR optical magnetoabsorption measured by Fourier transform spectrometer. The absorption process is accompanied by electron excitation from occupied to unoccupied levels 1 Corresponding author. E-mail: smrcka@fzu.cz whereby the energy difference is an integer multiple of ω ⊥c = |e|B ⊥ /m * c , where B ⊥ denotes the component of a magnetic field perpendicular to the plane of electron layers. At radiation energies equal to these differences, the measured magnetoconductivity exhibits maxima. In strictly two-dimensional electron systems a single constant cyclotron mass characterizes the cyclotron motion of electrons. This description corresponds to the quantum-mechanical approach.
Both quasi-classical and quantum-mechanical approaches should yield the same results for small B ⊥ , when many Landau levels are occupied.
The situation becomes more complicated if we consider quasi-two-dimensional electron layers and bilayers in magnetic fields of a general orientation. Due to the finite width of quantum wells, the electronic structure is strongly affected by the in-plane component of the field, B . Then the cyclotron mass is not longer a constant and becomes a function of both B and B ⊥ , We have studied this problem theoretically. Simple parabolic quantum wells are employed to model singlelayer systems. Bilayer systems are represented by a pair of tunnel-coupled strictly two-dimensional quantum wells, located at the distance d. These simple models allow to carry out most calculations analytically and yet are able to capture the essence of physics of single-layer/double-layer systems.
In quantum-mechanical approach, the linear response theory (the Kubo formula) is used to evaluate diagonal components of the magnetoconductivity tensor responsible for determination of the dissipated power. Since our aim is to study mainly the fielddependence of the energy levels Em,n = Em,n(B , B ⊥ ) and of the transitions between them, we completely neglect the broadening of levels by scattering of electrons.
In both single-layers and bilayers we consider the ground and excited subbands which yield two fans of Landau levels, each Landau level is denoted by a subband index m, and a level index n. Corresponding wave functions determine probabilities of transitions between levels via the dipole matrix elements in the Kubo formula.
Results and discussion

Two-dimensional electron single-layers
The single-layer with a parabolic confining potential V conf (z) = m * Ω 2 z 2 /2 represents a particularly simple example which can be solved analytically. The frequency Ω defines the separation of two subbands at B = 0. Eigenenergies are expressed by a sum of two coupled harmonic oscillators with frequencies depending strongly on B and B ⊥ . The quasi-classical results are obtained from quantum-mechanical ones simply by taking limit B ⊥ → 0.
The separation of Landau levels varies with increasing B for fixed B ⊥ . In tilted magnetic fields Landaulevel mixing arises and not only intrasubband transitions, δm = 0, between adjacent Landau levels of a single subband, δn = ±1, but also intersubband transitions, δm = ±1, between Landau levels with the same index n, δn = 0 become allowed. The energy of levels with the higher indices of n at first decreases, reaches the minimum and increases again with the rising of B (figure 1). Various electron concentrations can be modeled by changing Ω, the higher the concentration, the narrower the well. We have found that wider parabolic wells are more sensitive to the magnitude of both magnetic field components ( figure 3 ) and have shown (figure 4) that our model can reasonably fit the B -and B ⊥ --dependence of experimental data [1] . 
Two-dimensional electron double-layers
In bilayers the lowest bound states of individual quantum wells form symmetric and antisymmetric pairs. The ground and excited states become separated by 2|t|, where t is the coupling constant determined by the interwell hopping integral.
The Landau levels with high quantum numbers can be described quasi-classically [3, 4] for the case of B ⊥ ≪ B but in the quantum-mechanical approach, for the case of strong tilted field [2] , we must solve coupled differential equations for the one-dimensional components of the bilayer wave function, which are localized in the left and right wells. The resulting eigenenergies and eigenvectors are used to calculate the cyclotron effective mass and transition matrix elements.
The eigenenergies in excited subbands sharply grow with the increasing of B . The cyclotron masses corresponding to transition between Landau levels of the antibonding subband decrease with increasing in-plane field.
The behaviour of levels from ground subbands is more complicated. The in-plane component of the magnetic field reduces the tunneling between wells and at the high magnetic field limit the wells can be considered as completely independent. The centers of mass of one-dimensional components of the bilayer wave function are shifted apart and their overlap is reduced. As a result, even and odd states, adjacent at B = 0, give rise to a pair of levels degenerated in the well index at very high B (figure 5). The cyclotron mass corre- sponding to transitions between such a pair of levels exhibit a singularity (figure 6) at high B . The energy separation of neighbouring levels from different pairs first decreases with increasing B , reaches minimum around the critical fields at which pairs become degenerated, and then returns to original value. Consequently, the corresponding cyclotron masses have maxima at critical fields. In the high field limit, it corresponds to the transition between Landau levels in individual quantum wells. For very small B ⊥ the number of occupied Landau level increases beyond any limit. In this case, it is more convenient to describe the B -dependence of the cyclotron mass in terms of the Fermi energy, which separates the empty and occupied states, rather than with a help of quantum numbers of empty and occupied Landau levels. The electron concentration shifts the singularity position to the side of larger in-plane fields (figure 7).
Conclusions
To summarize, we have performed the theoretical study of the cyclotron resonance in 2D single-layers and double-layers subject to magnetic fields of general orientation to explain existing experimental results.
For strong B and B ⊥ the quantum-mechanical approach must be involved and m * c becomes a function of both components. We have calculated the field-dependence of the energy levels and transitions matrix elements between them.
In perpendicular magnetic fields only the intrasubband transitions (δm = 0, δn = ±1) are allowed, i.e. only adjacent Landau levels from the same subband contribute. As the in-plane magnetic field increases, the intersubband transitions (δm = ±1, δn = 0) become possible and also transitions between more separated Landau levels.
The brightness of transitions is governed by the transition matrix elements. In general, the intrasubband transitions become dark and the intersubband transitions bright at high B .
The Kubo formula was employed to derive diagonal components of magneto-conductivity tensor for both systems. The resulting conductivities are linear combinations of two 2D conductivities connected with intrasubband and intersubband transitions.
Conclusions obtained for the model of the parabolic quantum well and for the model of coupled doublequantum wells are analogous. All results are obtained in a good qualitative agreement with experimental data.
